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Abstract 

For the Dirac operator D on the standard quantum sphere we obtain an asymptotic expansion 
of the 5[/q(2)-equivariant entire cycUc cocycle corresponding to e^D when evaluated on the 
element G Uq{su2). The constant term of this expansion is a twisted cyclic cocycle which up 
to a scalar coincides with the volume form and computes the quantum as well as the classical 
Fredholm indices. 

Introduction 

The geometry of g-deformed spaces and the theory of non-commutative geometry of Connes have 
developed considerably over the last twenty years. Crucial in establishing connections between 
these two areas is the construction of Dirac operators which give rise to reasonable differential 
calculi. Other aspects of the theory include computations of cyclic cohomology and analysis of 
the index theorem. Work in this direction has progressed furthest for spaces like SUq{2) and the 
quantum spheres, see e.g. [CB EHl EWl IMNWll IMNW21 . 

In this paper we consider the index formula for the homogeneous sphere 5^ of Podles. The Dirac 
operator for this space has very different properties compared to the classical one. In particular, 
the associated ("-function has infinitely many poles on vertical lines and the traces Tr(e~*^ ) of the 
heat operators tend to infinity slower than t~'P for any p > 0. More importantly, the spectral triple 
defined by the Dirac operator does not satisfy the regularity assumption, a condition which is often 
overshadowed by other assumptions such as boundedness of commutators, but which is crucial for 
a detailed analysis. This can mean that the Dirac operator is, in fact, not the right one, and one 
can try to construct another operator with the same Fredholm module. However, in this process 
one will most likely lose the S'[/g(2)-equivariance |DSj . What one gains is not so clear: with the 
absence of Getzler's symbol calculus and of a Wodzicki-type geometric description of the Dixmier 
trace, the computation of the indices in terms of the Dixmier trace remains for the moment a 
non-trivial problem. So we will stick to the standard Dirac operator. The associated spectral triple 
is S'f7q(2)-equivariant and thus, via the JLO-cocycle, defines the Chern character in the equivariant 
entire cyclic cohomology of S^. We evaluate this cocycle on fc^ S Uq{5U2)- The resulting object is an 
entire twisted cyclic cocycle, and its pairing with the equivariant i('-theory computes the quantum 
Fredholm index, that is, the difference of quantum dimensions of the kernel and the cokernel |NTj . 
The possibility of detecting cocycles by evaluating them on /c^ was pointed out by Connes in |(]2j . 
As was promised in |NTj such evaluations are much easier to compute. The philosophical reason 
for this is that the quantum dimension is intrinsically associated with the tensor category of finite 
dimensional corepresentations of a compact quantum group. On the technical side, the evaluation 
on k"^ gives an immediate connection to the Haar state, as was already remarked in jTTl IS Wj . and 
thus serves as a replacement for the trace theorem by Connes on equality of the Dixmier trace and 
the Wodzicki residue. Note also that for g-deformations the classical index can be recovered from 
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the quantum one: if one can prove that the Fredholm operators depend continuously on q and has 
a polynomial formula in q and q~^ for the quantum index, the classical index is obtained by simply 
setting q = I. 

The evaluation on k'^ does not, however, solve all problems: the spectral triple is still non- 
regular, and while the quantum traces of the heat operators are better controlled than the classical 
ones, they possess a strange oscillating behavior near zero. The non-regularity of the spectral triple 
can be illuminated by saying that though the principal symbol of |Z)| is scalar- valued, the operator 
|D|^r|D|~^ does not necessarily have the same symbol as T. The symbol is, however, computable, 
and this is the key property allowing to apply the ideas of the proof of the local index formula of 
Connes-Moscovici |(yM2j to our situation. It seems that the development of a full-scaled pseudo- 
differential calculus for the Dirac operators on (/-deformed spaces is the main prerequisite for the 
analysis of more general examples, such as the ones in |Krj . 

The Dirac operator on the quantum sphere is defined using the standard differential calculus, 
and in the course of our analysis we use very little beyond basic properties of this calculus and 
some information on the spectrum of the Dirac operator. In this respect the fact that Connes' 
non-commutative geometry can be applied successfully to the study of a g-deformed space is more 
important than the final result for the quantum sphere. 

Acknowledgement The preparation of this paper was finished during the authors' stay at 
Institute Mittag-Leffler in September 2003. They would like to express their gratitude to the staff 
at the institute and to the organizers of the year in "Noncommutative Geometry". 



1 Cyclic Cohomology 

In this section we formulate some results of non-commutative geometry in the Hopf algebra equivari- 
ant setting. Fortunately, as the Hopf algebra equivariant cyclic cohomology theory is now available 
|AK| INTj , a simple argument involving crossed products allows to transfer such results from the 
non-equivariant case without having to prove each one of them from scratch. 

We use the same notation and make the same assumptions as in |NT) . So let {7i,A) be a 
Hopf algebra over C with invertible antipode S and counit e, and adapt the Sweedler notation 
A(a;) = a;(o) "^(i)- The results below are also true for the algebra of finitely supported functions 
on a discrete quantum group, which is of main interest for us. Let i3 be a unital right T^-module 
algebra with right action of (7i,A) denoted by <. Consider the space Cy^{B) of H-invariant n- 
cochains, so C^{B) consists of linear functionals on 7i (S) such that 

/(5"^(u;(o))??t^(i); 6o<i'^(2), • • • , K<i^{n+2)) = 6o, • • • , &n) 

for any uj,r] E H and bo, ■ ■ ■ ,bn G B. The coboundary operator bn:CJ^~^{B) C^{B) and the 
cyclic operator A^: C^{B) — > C.^{B) are given by 

n-l 

{bnf){uj; bo,..., bn) = ^{-iyf{uj; bo,..., h-i, bibi+i,bi+2, ■ ■ ■ ,K) 

i=0 

+(-l)"/(^(0); 6„<]u;(i)6o, bn-i) 

and 

(A„/) {uj;bo,...,bn) = {-l)"^ f{uj(^o) ; K<uJ{i) ,bo,---, bn-i)- 

The subcomplex (Ker(t — A), 6) of {C^{B),b) is denoted by {C^^{B),b) and its cohomology is 
denoted by HC:^{B). There is a pairing {-, ■): HC^{B) x K^{B) R{n) of the even cyclic 
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cohomology with equivariant i^-theory, where R{TC) is the space of H-invariant hnear functionals 
on 7i with 7i acting on itself by 

r]<uj = 5'"^((j(o))r/u;(i). 
If p G ;S is an "H-invariant idempotent and / G Cy^^{B) is a cychc cocycle, then 

([/],M)H = i/(a;;p,...,p). (1.1) 
n! 

More generally, if X is a finite dimensional (as a vector space) right H-module, then End(X) (8) B 
is a right 'H-module algebra with right action < given by 

(T (gi b)<uj = TTx{uj(o))TTrxS^^{uj^2)) b<uj^i), 

where nx'-Ti- — > End(X) is the anti-homomorphism defining the "H-module structure on X. Then 
we have a map ^-^i C^ {B) C;^(End(X) ® B) given by 

(^'^/)(a;; To 60, ■ ■ ■ , 7; bn) = f{uJ^oy,bo, bn)TT{nxS-\uj^^))To . . . T„). 

Now suppose p G End(X) ;B is an "H-invariant idempotent, so it defines an element of K^{B). 
By definition we have 

([/],b]) = ([*f/],N> 

for a cyclic cocycle / G C^)^(B). 

We will also need the (6, i?)-bicomplex description of the periodic cyclic cohomology. So consider 
the operator B = NBo, where Nn:C^{B) ^ C^{B), = Eto K, B^:C^\B) ^ CJ^{B), 

(i?o"/)(w; bo,..., bn) = f{u;; 1, 60, • • • , bn) - (-1)"+V(^; 60, • • • , bn, 1). 
Set C^{B) = ®^^qC^{B) and C]_^{B) = ®^^qC^+^{B). Then we have a well-defined complex 

C^{B) '-±5 C^(e) '-±5 Cj^(^) C?^(e). 
The cohomology of this small complex is denoted by HP^{B), n = 0, 1. Then the formula 

([(/2n)n], m^) = f;(-l)"^(^'f /2n)(^;P - \,P, ■ ■ ■ ,p) (1-2) 
n=0 

defines a pairing HP^[B) x irj^(i3) ^ R(7i) (this can be deduced from the non-equivariant case 
in the same way as in |NTj ). The map 

C7|r(e)-C°(fi), /-^/, (1-3) 

induces a homomorphism HCy^ (B) (B) compatible with pairings (|1.1() and H1.2|) and which 

respects the periodicity operator in the sense that the images of / and 5/ in HP^ are equal. 

Consider the subspaces CE^{B) C HJ^^o C^~^''{B), k = 0,1, consisting of all cochains {f2n+k)n 
such that for any uj £ 7i and any finite subset F C B there exists C > such that 

C 

|/2n+A;('^(0); ^0<1'^(1), • • • , bj-i<UJ(^j),bj , . . . , 62n+A;)| < ^ 
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for any n>0, 0<j<2n + /c + l and 6j G F. Denote by HE^{B) the cohomology of the complex 

CE\^{B) ^ CE^{B) ^ CE\^{B) ^ CE^{B). 

The formula still defines a pairing of HE^{B) with Ky-{B). 

Suppose we are given an equivariant even spectral triple. By this we mean a Hilbert space 
H with grading operator 7, an odd selfadjoint operator D with compact resolvent, and even rep- 
resentations of B and TC on H such that D commutes with TC, [D, b] is bounded for any b £ B 
and 

boj = u;(o)6<ia;(i) V6 G i3, Vw G (1.4) 
If the spectral triple is ^-summable in the sense that e~*^^ is trace-class for all t > 0, set 

Ch^^{D){u;; bo,..., ftsn) = / dtTV(7u;6oe"*°''' [D, 6i]e-*i^' ...[D, ftanle"*^"^'), 

where J^^ dt means integration over the simplex = {(^O) • • • ,t2n) \ U > OjX^j^i = !}■ Then 
(Ch^"(D))„ is a cocycle in CEy^{B) having all the usual properties of a JLO-cocycle [("H K^MT} 
IHBVF] : 

(i) (Ch^"(tZ)))„ and (Ch^"(sD))„ are cohomologous for any s,t > 0; 

(ii) the pairing of K^{B) with (Ch2"(iL>))„ computes the index map defined by D (so e.g. for an 
W-invariant idempotent p £ B we get ([(Ch^"(D))„], [p]){uj) = Tr(u;|Kerp_Dp+) - Tr(u;|Kerp+Dp_)); 

(iii) if the spectral triple is p-summable in the sense that is a trace-class operator, F = 
D\D\~^, and denotes the Chern character of the Fredholm module {H, F, 7) in the equivariant 
cyclic cohomology for some fixed m, 2m > p, so 

Tp^icu; bo,..., b2m) = ^^m!Tr(7u;F[F, 60] • • • [F, &2m]), 

then (Ch^"(L)))„ is cohomologous to the image of r|.™ under the map Cy^{B) CE^{B) given 
by (tO|) . 

As in the non-equivariant case, all these properties are consequences of the homotopy invariance 
of the cohomology class of (Ch^" (!)))„ meaning that if we have an "H-invariant homotopy Dt such 
that e.g. bt is bounded, then {Ch^'^{Do))n and (Ch2"(Z)i)) 

n are cohomologous (concerning (ii) see 
also |KLj ). This in turn can be deduced from the non-equivariant case as follows, see the discussion 
at the end of |C2j . Consider the crossed product algebra B y\'H, i.e. the vector space B (^TL with 
product 

{b ®uj){c®ri) = bc<S^^{uj(i-)) ® uJ(^o)'']- 
In the sequel we write buj instead of 6 0;. Then we have a map ^J^": C^{B) — > C^{B x 7i) given by 

($"/)(6ow°, . . . , 6„a;") = /(wJ'q) . . . wf^); 6o<(w['i) . . . wfy), 6i^(a;{2) • • • ^"2)), • • • > K^uJ^^+i)). 
The definition of <I>" is motivated by the following easily proved lemma. 

Lemma 1.1 Consider a covariant representation of B and TC on H (that is, identity il.4\ ) holds). 
Suppose Co, . . . , c„ G B{H) commute with Ti. Then for any bo, . . . ,bn G B and uj^ , . . . , G W we 
have 

CoboUp . . . CnbnUj"- = W°o) . . . u;"o)Co6o<l(t^('l) • • • ^{l))cibl<{ujf2) ■ ■ ■ ^(2)) ■ ■ ■ Cnbn<^(n+l)- 
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It is not difficult to check that the maps constitute a morphism of cocycUc objects, so they 
induce maps for the various cychc cohomology theories. Note also that if 7i is unital, or 7i has 
an approximate unit in an appropriate sense, then is injective. So to prove a property for a 
cochain in an equivariant theory it is enough to establish the analogous property for the image of 
the cochain under Now note that any equivariant spectral triple can be considered as a spectral 
triple for B xifi. It follows immediately from Lemma ll.ll that (<I>^"(Ch^" (!)))„ is the JLO-cocycle 
for this spectral triple. This allows to deduce the properties of (Ch^"(D))„ from the non-equivariant 
case. 

From now onwards we assume that {Ti., A) is the algebra of finitely supported functions on 
a discrete quantum group (^,A), and as in |NTj we write (^, A) instead of {7i,A). Denote by 
p G M(A) the Woronowicz character We will be interested in evaluating equivariant cocycles 
on uj = p. The following known lemma explains why such evaluations are easier to deal with. 

Lemma 1.2 Let U € M{A 03 K{H)) he a unitary corepresentation of the dual compact group 
(^, A), and ajj:B[H) M B{H) the coaction of the von Neumann closure (M, A) of A) 
on B{H), 

au{x) = U*{l(g)x)U. 

Consider also the corresponding representation of A on H, so oj^ = {uj ® l){U)^. Then the map 
a Tr(-a/9) defines a one-to-one correspondence between positive elements a G B{H)"v such that 
Tr(a/3) = 1 and normal ajj -invariant states on B{H). 

In particular, if B d B{H) is an ajj -invariant C* -subalgebra with a unique au -invariant state (p, 
then 

Tvihap) = p{h)Ti{ap) 

for any b & B and any a £ B(H)'^ with Tr(ap) < oo. ■ 

Note also that the fixed point algebra B{H)°''^ is precisely the commutant of A. 

Since in general p ^ A, one needs some care in dealing with this element. From now on 
we assume as in jNTj that we have a left coaction a of A) on a C*-algebra B, and < is the 
corresponding action of A, 

b<\io = (cj i)a{b), 

while B = B<A. Then az{b) = b<p^ is a well-defined element of B for any b £ B and z £ C. The 
automorphism a = ai will be called the twist. Now if we have an equivariant 0-summable spectral 
triple, for the expression Ch^"(Z))(/9; bo, ... , b2n) to make sense it is enough to require that 

TV(pe-'^') < cxD Vs > 0. 

Indeed, since z i-^ p~^[Z),6]/9^ = [D,b<p'^] G B{H) is an analytic function, the Holder inequality 
and the identity 

= e-*"^V*" [D, 6i V]e-*^^V*' [D, &2 V"+*']e"*'^V*' • • • 62n</0^"*'"]e-*^"^V*'" (1-5) 
show that Ch2"(L>)(p; 

bo, ■ ■ ■ ,b2n) is well-defined. In fact, these elements form a cocycle in an 
appropriate cyclic cohomology theory, namely, in the entire twisted cyclic cohomology HE^{B), cf 
[KMT. . This is immediate as such twisted theories are obtained by setting u; = p in the formulas 
above. Thus the space of n-cochains CJ}{B) becomes the space of linear functionals / on ^'^'("■+1) 
such that /(cr(6o), • • • , cr(bn)) = f{bo, bn), the cyclic operator is given by {\nf){bo, ■ ■ ■ ,bn) = 
(— l)"'/(o"(6„), ^o, • • • ) bn-i), and so on. In particular, we still have pairings of K^{B) with HC'^^{B), 
HP^{B) and HE^{B). 
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2 Differential Calculus on the Quantum Sphere 

From now on (A, A) will denote the compact quantum group SUq{2) of Woronowicz |Wj . q G (0, 1). 
So A is the universal unital C*-algebra with generators a and 7 satisfying the relations 

a*a + 7*7 = 1, aa* + g^7*7 = l, 7*7 = 77*, 07 = 970, 07* = (77*0. 

The comultiplication A is determined by the formulas 

A(a) = a Q — (77* 7, A(7) = 7 a + a* (8) 7. 

Consider the quantized universal enveloping algebra Uq{5U2) C M{A). Recall that it is the 
universal unital *-algebra generated by elements e, /, k, satisfying the relations 

kk~^ = k~^k = 1, ke = qek, kf = q^^fk, ef — fe = ^, 

q-q ^ 

k* = k, e* = f. 

The algebra Uq{5U2) is a Hopf subalgebra of M{A) with 

A{k)=k0k, A{e) = e (g) k''^ + k (g) e, K{f) = f ® k~'^ + k ® f , 

S{h)=k-\ Sie) = -q~'e, S{f) = -qf, 

e{k) = l, e{e)=i{f) = 0. 

The set / of equivalence classes of irreducible corepresentations of {A, A) is identified with the set 
of non-negative half- integers. The fundamental corepresentation (s = ^) is defined by 

The corresponding representation of Uq{5U2) is given by 

The formulas (|2.1H2.2|) completely determine the pairing between (.4, A) and ([/g(sn2), A). Note 
also that 

p = f^i = k\ (2.3) 
For a G A and to G M{A) define elements in A by 

di^{a) = uj * a = {l f^i w)A(a) and a<u = a* lo = (w i)A(a). 

Then the modular property of the Haar state h can be expressed as 

h{aia2) = h{a2fi * ai * fi) = h{a2dk-2{ai<ik'^)). (2.4) 

For n £ set 

An = {a G A\dk(a) = q^a}. 

The norm closure B = C{S'^) C ^ of ^0 with the left coaction A\b of {A, A) is the quantum 
homogeneous sphere of Podles |Plj . Note that B = Aq- The norm closure An of An is an analogue 
of the space of continuous sections of the line bundle over the sphere with winding number n. 
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It is well-known that the standard differential calculus on the quantum sphere |P2j can be 
obtained from various covariant differential calculi on SUq{2), see e.g. [SI- Consider the 3-D-calculus 
of Woronowicz |W1 IKSj . that is, the left-covariant first order differential calculus {Auj-i © Aujq © 
ALOi,d) of (.4, A) with differential 

r o / N CL — df.-i{a) 

da = Ofk-i (a)a;_i H 5— + c^efc-i W^i , 

J I — q ^ 

and right ^-module action on the left-invariant forms tiJ_i,u;o,wi given by ujoa = dj^-4{a)u!o and 
iVitt = df:-2{a)uJi for i = ±1 and a £ A. The associated exterior differential algebra spanned by 
aodai . . . dan, o,i £ A, is completely described by the following rules: 

2 2 2 n 2 4 4 

uj_i = uJq = uJi = 0, uJ-iuJi = —q ujiuj^i, ujqlvi = —q cviujq, oj-iujo = —q ujquJ-i, 

duj^i = {q^ -|- g^)LiJo'^-i; dujQ = — "^ii^-i, dwi = {q^ + q'^)Lx)iLx)Q. 

The standard differential calculus on S"^ is then obtained by restricting the differential dioB, so the 
exterior algebra (F^, d) for Sq is the projective ^B-module given by = span{ 60(^^1 • • • dhn \hi £ B}, 
and we have the following concrete description. 



Theorem 2.1 Set ^^^^{B) = A-2, ^^'^{B) = A2 and n^'^{B) = B. Then 

(i) the de Rham complex on is the graded differential algebra 

= © © rg^ ^ e © {n^'\B) © n^'°{B)) © n^'\B) 

with multiplication A given by 

(«o,0) «o,i) «i,0) «i,i) A {bofi, 60,1, ^1,0) ^1,1) 

= («o,o^o,0) «o,o^o,i + «o,i&o,o, «i,o^o,o + cLQflbifi, ao,o^i,i — ao,i^i,o + 9^ai,o&o,i + 01,1^0,0) 

and differential d = d + d given by 

diaofl, ao,i, ai,o, ai,i) = (0, 0, 9e(ao,o), g5e(ao,i)), 

<9(ao,o, ao,i, ai,o, ai,i) = (0, 5/(ao,o), 0, -g(9/(ai,o)); 

(ii) i/ we define J uj = h{uj) for u> G F^^ 6y identifying F^^ wzi/i ;B, i/ien J is closed in the sense 
that J du) = for any uj G F^-*^ ; 

(iii) the twist a of B extends uniquely to an automorphism of Fg commuting with d, which we again 
denote by a, and then 



for any lj, uj' G Fg with ^uj + ^to' = 2. 

Proof. Part (i) follows from the equality F^ = -|- A-2^-1 + ^2"^! + Bljiuj^i, which is easily 
checked. Since F^^ = BdB, to prove (ii) it is enough to show that J dbi A 1^62 = 0, that is 

q^h{de{bl)dj{b2)) = h{df{bi)de{b2)). (2.5) 

We have 

h{de{bi)df{b2)) = /l(&l9^(,)/62)) = -q-'h{bidef{b2)). 
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Similarly h{df{bi)d(.{b2)) = — g/i(6i9je(&2))- Since d^f = dfe on assertion (ii) is proved. The 
existence of an extension of o" is obvious: it comes from the automorphism a i-^ a<]fc^ of A. Con- 
cerning the equality in part (iii), the only interesting case is when u! G ^^'^{B) and uj' G 0'''^(i3). 
In this case we have to prove that for a G A2 and a' G A-2 we have 

q^h{aa') = h{a{a')a). (2.6) 

But this is true, since h{a{a')a) = h{adf^~2[a')) = q^h{aa') by ()2.4() . 

■ 

Define the volume form by 

r(&0, biM) = j bodbi A db2 = Hbo{q^de{bl)df{b2) - df{bi)de{b2))). 

Set also 

ri{bo,bi,b2) = h{bode{bi)df{b2)) and r2(6o,6i,62) = h{bodf{bi)de{b2)). 
These forms were introduced in |SWj . where part of the following proposition was proved. 

Proposition 2.2 We have that 

(i) T is a cocycle in the twisted cyclic complex {C'^{B),b); 

(ii) Ti and T2 are cocycles in the complex {C'{B),b + B); 

{\ii)the cocycle q^Ti -I-T2 G C^{B) is a coboundary; in particular, the cocycles t, 2q^Ti and —2t2 are 
cohomologous. 

Proof. Part (i) is a standard consequence of the properties of the integral, cf |(]H IKMTj . 
To prove (iii), set f(6o,&i) = h{df{bQ)de{bi)). Then 

(Sof)(6o) = (i?o°^)(6o) = T(6o,l)+f(l,a(6o)) = 0. 

On the other hand, using that de and df are derivations on B and that h[a{b)a) = h[ab) for any 
a,b & B, we get 

(62t)(6o, ^1, b2) = h{b^df{bi)de{b2)) + h{df{a{b2))bode{bi)) = r2(6o, bi,b2) + gVi(6o, 61, 62), 

where we have used (|2.6() with a = bode{bi) and a' = df{a2). Thus g^ri + T2 is the coboundary of f. 

Since r = ti + T2 and 7^ 1, statement (ii) follows immediately from (i) and (iii). It can also 
be checked directly. 

■ 

Note that although r is cyclic, this is not the case for ri and T2. 



3 The Dirac Operator 

The Dirac operator on the quantum sphere has been discovered, studied and rediscovered in various 
papers, see e.g. lUllPSllDSllSWllMllKrj and references therein. We confine ourselves to summarize 
needed results in the next paragraph and in Proposition 13.11 

One of the easiest ways to construct the Dirac operator is to recall that the spinor bundle 
on a classical Kahler manifold M of complex dimension m is ©[^q A*^'* (^S, where 5 is a square 
root of the canonical line bundle A™''^, and then the Dirac operator D is V2{d + B*). In view of 
the previous section these notions have rather straightforward analogues for the quantum sphere. 
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So consider the space H = L'^{A, h) of the GNS-representation oi A = C{SUq{2)) corresponding to 
the Haar state h. Then 

The left actions a i-^ di^{a) and a ^ a<iS^^{u!) of ^ on A extend to *-representations of A on H. 
These are, in fact, the left and the right regular representations of A. In the sequel we will write 
for the operators of the first representation and simply w for the operators of the second one. Then 
the space of L^-spinors and the Dirac operator are defined by 



H+eH_ = L'^{Ai,h)®L'^{A_i,h) and D 



de 

df 



respectively. Note that df{An) C An-2 and de{An) C An+2- This shows that D is indeed an 
operator on © It is worth noticing that when the spinor bundle is given, the Dirac 

operator is essentially uniquely determined by the requirements of S'C/q(2)-invariance, boundedness 
of commutators and the first order condition IdF 



Proposition 3.1 We have 

is the Casimir; 

q-q-' J 

in)[D,b] = ( iV. ''"^^^''^) for any be B. 

Proof . We have = ^^^^ ^. Since 5^1^,2 = and def - dfe = {q- q'^y^{dk2 - 8^-2), 

we see that = dc- To prove (i) it remains to note that Oc = C on i7 as C is in the center of 
M{A) and S{C) = C. 

Part (ii) follows from the identity 

[de, a] = de{a)dk-i + dk{a)de - ade, 

which is valid for any a € A, and from a similar identity for dj. 

■ 

We now want to develop a simple pseudo-differential calculus for our Dirac operator. More 
precisely, we want to compute the principal symbol of the operator of the form \D\'^^db\D\^'^^ , where 
db = [D,b]. For this it is more convenient to consider a more general problem. The Casimir C 
defines a scale of Hilbert spaces TCt, t S M, so that for t >0 

Wi = Domain(C*/2), \\^\\, = \\C'/'^\\. 

Set Tioo = HtTit- Note that Tioo is a dense subspace of Tit for every t. We say that an operator 
T: Tioo — > Woo is of order r G R if it extends by continuity to a bounded operator Tit — > TCt-r for 
every t. In this case we write T G op^. If T S op^, we denote by \\T\\t the norm of the operator 
T-.Tit Tit- Recall that ||r||t is a convex function of t. Note that £ op'^^^\ 

For F C Z, denote by pp the projection onto (BnepL'^iAn, h) with respect to the decomposition 
H = ®n&L'^{An,h). 

Proposition 3.2 We have 

(i) A C op^ and p_p G op^ for any F C 

(ii) for X = apF with a G An and F <zTL finite, the function C 9 z 1-^ x(2;) = {C^xC~^ — q^^x)C2 
takes values in op^ and has at most linear growth on vertical strips; more precisely, for any finite 
interval / C M, there exists A > such that \\x{z)\\t < X\z\ for t £ I and Rez G /. 
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Proof. Since pp is a projection commuting with C, it is obvious that pp £ op . It is also clear that to 
prove that A C op^ it is enough to consider generators of A. Similarly, if (ii) is proved for Xi = aipPi , 
ai G An^, i = 1,2, and it is proved that ai, 02 G op^, then X1X2 = aia2PFi-n2PF2 = *^i*^2P(Fi-n2)nF2 
and 

{C^xiX2C~^ - g("i+"2)^2,^^2)C^ 

= {C'xiC~' - q''^'xi)C^{C-^+'x2C^-') + q''''xi{C'x2C-' - q''^'x2)C^, 

so (ii) is also true for aia2P(p^-n2)r\F2- Analogously, if (ii) is true for app with a G An, then it is also 
true for a*pp+n- It follows that to prove (i) and (ii) it is enough to consider generators of A and 
arbitrary finite F dX,. We will only consider the generator a, the proof for 7 is similar. Consider 

the orthonormal basis {'^fj | s G i,j = —s,...,s} given by normalized matrix coefficients, 

1 

= q'^dgufj^h, where ds = [2s + l]g. Then a can be written as the sum of two operators and 
a~ such that ^ ^ 

What we have to know about the numbers a^j~ and is that they are of modulus < 1 and if 
\j\ < m, then \aij~\ < XniQ^ for some depending only on m and q (in fact, we have a^j~ = 
q^{dsd^_^i)~2q 2 ([s - i + i\^[s - j + l]g)2, cf 'V'). In our basis we have also C^fj = [s + 
It follows immediately that a^,a~ G op^. Then 

(C"+*a-C~"-* - q'C'a'C-')Ceij 

(/ \ 2z+2t / \ 2A 

Using the simple estimate |(1 - /3)^ - 1| = \Pz f^{l - /3r)^-idr| < /?|z|(l - /^o)^''^"^ for < /? < 
/3o < 1, we conclude that the operator (C^"'"*a~C^^~* — q^C^a^ C~^)C is bounded, and moreover, 
if t and Re z lie in some finite interval then the operator norm can be estimated by some multiple of 
\z\. Thus the function z 1— > {C^a~C~^ — q^a~)C takes values in op^ and has at most linear growth 
on vertical strips. Then surely the function z 1— > (C^a~C~^ — g^a~)C2 has the same properties. 
Similarly the function z 1— > {C^a^C~^ — q~^a~^)C2 takes values in op^ and has at most linear 
growth on vertical strips. Then 

{C^appC-^ - q^app)C^ 

= (C'a-C-' - q'a-)C^pp + (C'a+C-' - q~'a+)cipp + (q'' - q')a+ppC^. 

It remains to note that is the projection onto the space spanned by the vectors such that 
—2j G F. Since \alj~\ < Xpq^ if —2j G F for some Xp, we conclude that a~^ppC^ G op^. 

■ 

It is worth noting that by analyzing the proof of Theorem B.l in |CM2j the slightly weaker 
result that x{z) has polynomial growth on vertical strip can be deduced using only the fact that 
Cx — q^xC G op^. This, in turn, follows from the identity 

dfea - q'^adfe = dfe{a)dk-2 + dfk{a)dk^ie + dke{a)dfk~i 
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for a G An- Thus a variant of Proposition 13.21 with polynomial growth (which would, in fact, 
be sufficient for our purposes) can be proved without any knowledge about the Clebsch-Gordan 
coefficients. 

Corollary 3.3 Consider the operator X = ^ '^'^ ^+ ® Then for any b £ B there 

exists an analytic function z ^ h{z) £ B{Hj^ © HJ) with at most linear growth on vertical strips 
such that 

\D\-'^^db = dbx^'\D\-'^' + b{z)\D\-^'-^ = x''^"db\D\-'^^ + b{z)\D\-^''-^ . 

Proof. Since |Dp = C and df{b) G A-2, de{b) £ A2 ior b £ B = Ao, this is an immediate 
consequence of Propositions 1,111 and 13.21 

■ 

Next we study the behavior of the heat operators. Consider the direct sum of irreducible 
corepresentations of {A, A) with spins s G ^ Denote by H the space of this corepresentation, 

and consider the corresponding representation of A on H. Note that both Hj^ = L'^{Ai,h) and 

= L^(j4_i,/i) can be identified with H (since in the notation of the proof of Proposition 13.21 
the spaces and are spanned by the vectors 1 and 1 , respectively). 

Lemma 3.4 On H we have that 

(i) the function e 1— > eTr(e~^*^p) is continuous and bounded on (0, 00); 

(ii) lim e(Tr(e-"^p) - q^Tr{e~"''^ p)) = 0; 



(iii) lim e [ Tr(e"^*^/j)dt = ^ = q-^ -q. 



Using the Karamata theorem (see e.g. |BGVj l it can be shown that the limit lim eTr(e ^'^ p) 
does not exist. 

Proof of Lemma \3.4\ If / is a positive function then Tv{f{C)p) = X]^i[2n]g/([n]q). Since it 
is obvious that the function e ^ e'Vr:{e~^'-' p) is continuous and vanishes at infinity, to prove (i) 
it is thus enough to show that the function e ^ X^^j^ e(7~^"e~'^["]'j is bounded near zero. As 
Hi > (g-2" - 2)^-2^ for q^-^ <e< g2("^-i) we get 

00 00 00 

^£g-2ng-e[n]^ < ^ ^-2(n-m+l)g-(g-2("-'") -2g2'")/.-2 ^ q-'^e^^'"^ ^ 
n=l n=l ra=— o. 

Thus (i) is proved. Since (7^2"^-2 > jj^j2 > (qi-2n _ 2)^^^^ ^jgQ 



lim e{Ti{e-'^p) -^q-^y-^e-"^''"^' ') = 0. 

n=l 

Replacing e by ep.'^, to prove (ii) and (iii) we thus have to show that 



00 

2„—2n , 



hm eiY, q-^^'e-^'^ - q^Y. " 

n=l n=l 
„1 00 

lim e / dtVg-^ng-rfg 



and 

-2n 



Both statements are obvious. 
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4 Local Index Formula 

Let us first briefly recall the proof of the local index formula of Connes and Moscovici |CM2j , which 
is a far-reaching generalization of the local index theorem of Gilkey-Patodi |BGVj . Suppose we are 
given a p-summable even spectral triple for an algebra B. For each e > consider the JLO-cocycle 
corresponding to the Dirac operator e2D, so 

and note that we always have the following estimate 

n-f 2n 

mnibo, • • • , b2n)\ < Cp— -TY((1 + D')-'2)\\bo\\ n II [D, bi]\\, 



where Cp is a universal constant. In the course of proving the local index formula one provides a 
finite decomposition of ip2m < 2n < p, of the form 



V'L = 5]ag")e-^"^-W(loge)' + o(l), (4.1) 

k,l 



where a^'^"^ are 2n-cochains expressed in terms of the residues of certain ("-functions. Since the 
pairing with ii'-theory is independent of e, one concludes that it is given by the pairing with the 
cocycle (ag^o ^)o<2n<p- The explicit form of this cocycle and the fact that it is cohomologous to 
(Ch2"(D))„ is the main content of the local index formula. 

To get 1)4. 1() one needs to commute e~'^^^ through db. For this one first uses the identity 

e"^*^' = f dzT{z)\D\-^^{et)-', 



27ri 



where = A -|- iM, A > 0. Then one invokes the expression 

bo\D\-^'^db^\D\-^'K..dh2n\D\-^'- = /fc(&0,...,62n;^0,...,^2n)|l?r'(^° + -+^^")-' (4.2) 

given by the pseudo-differential calculus for D, where fk are analytic operator- valued functions 
with at most polynomial growth on vertical strips. Since the last term {k = p — 2n + 1) is of 
trace-class for Rezj > 2(^2n+i) ' contributes to -i/^ln ^ ^(ea). On the other hand, assuming that 
Tr(/fc(5o, . . . , b2n', zq, . . . , Z2n)\D\^'^^^'^^'"^^'^"^~^) extends to a nicely behaved meromorphic function 
(note that a priori it is defined for Rezj > 2(2n"+i) )' contribution of the fcth term can be 

estimated by counting the residues of this function in the region 2n+i — 5 < ^ezi < 2(2n+i) 
some 5 > 0. 

We now want to apply this method to our situation. Although the decomposition 1)4. 2|) will be 
different from the one obtained in ICM2j . the method itself works perfectly well. So consider the 
twisted entire cocycle (V'in)" given by 

V'LC^O, • • • , b2n) = Ch2"(eil))(p; 6o, . . . , h2n). 

Using Lemma ll.2l we get 

^oibo) = Tr(75oe-^^V) = /i(6o)Tr(e-^^p) - /i(6o)TV(e-^^/5) = 0, 
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where we think of the Casimir C as the operator acting on H, see the end of Sectional Consider ip2- 
Fix bo,bi,b2 £ B and set 

C{zo,zi,Z2) = TT{jbo\D\-'''°dbi\D\-''''db2\D\-^''p). 

This function is well-defined and analytic in the region Re (zq + zi + Z2) > 1. By Corollary 13.31 

C{boM,b2) = Tr(7M&if^62x''H^r'^'"+''+''V) + C>o,^i,^2), 
where C{zo,zi,Z2) = 

= Tr{-fbodbix^'^b2{zo + zi)|Z)|-2(^o+^i+^2)-i^) + TT{jbobi{zo)\D\-^^'°+'^'>-^db2\D\-^'^ p). 

The function is holomorphic in the region Re {zq + zi + Z2) > ^. Moreover, if we fix A, Aq > |, 
A > Ao, then 

C(z0,^l,^2)(l + |^0|)"'(l + Nl|)~' 

is bounded in the region Aq < Rezj < A. Fix A > | and g < Aq < 5- Then 



Mbo,h,b2) = / dt dzT{zo)T{zi)T{z2){etoy{ehy{et2yC{zo,zuZ2), 

(2my Jcl 

where C\ = \ + zR. If we consider the same expression for C,, we can replace integration over C| 
by integration over , since the integrand is holomorphic and vanishes at infinity. It follows that 
such an expression is 0{e^~^'^°). Thus, as e — > 0, 



^l{hoMM) = 7Tr-T3 / dt / dzT{z^)T{z^)T{z2){e^)-'''{et^y{et2)"^ 
{2mY Jcl 

xTr(76od6id62X^'M^r^^"'^''^^'V) + o(l) 

= e! dtTr(7&od6i<i62e""^*°+^"'*^+*^^^V) + 0(1) 

= ef dtTr(7&od6i<i62e-"(^+(^''-^)*^)^V) + 0(1) 

= ef {l-t)TT{^bodbidb2e''^^+'->'''-^^'^^'p)dt + o{l). 
Jo 

By Proposition 13. ir ii) . we have 

A fbodeibi)df{b2) \ 

bodbidb2 = I n u \a \ ] ■ 

\ bQdf{bi)de[b2) J 

Hence by Lemma ll.2l we get 

r2{bo,bi,b2) = hibodMdfib2))e [\l-t)Trie-'('-^^''-'-'^'^''p)dt 

Jo 

-h{b^df{bi)de{b2))e / (1 - t)Tr(e-^(i+('''-iW^p)dt + o(l). (4.3) 



We have 

el ^ rl 

(g2 - t)Ti{e-'^^ p)dt. (4.4) 



e Al-t)TV(e-(^+(«^-iW^p)dt = --^ A 
Jo (1 - r) Jq^ 
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On the other hand, 

Jo (1 - Jq2 

= j^^^ - tme-^''' P)dt + o{l) (4.5) 

by Lemma K^ii). By Lemma nUTiii'). e j^^T^iie'^^^ p)dt q-^{l - q^). Thus putting H4.3H4.5p 
together we get 



-^(n + T2) - (gVi + T2) ,^ [ Tr{e-''^p)tdt + o(l). 



Finally, consider -(/^In with n > 1. Combining (|1.5|) with Lemmas 10.8 and 10.11 in IdBVFj yields 
the following standard estimate 



„_£ 2n 

mnib0,...,b2n)\<C/ 



,-—^TriC-'^p)\\bo\\]Jm^x{\\[DM<p' 

i=l 



where p is any number larger than 2. Thus we get the first part of the following theorem, which is 
the main result of the paper. 

Theorem 4.1 For e > 0, consider the cocycle (V'ln)" twisted entire cyclic cohomology of B 

given by 

V^i„(6o, . . . , b2n) = Ch2"(ell))(p; bo,..., b2n). 

Then 

ro = 0; 

V-l = + ^2) - {q'^n + ra) ,^ [ Tv{e-^'^ p)tdt + 0(1) as e ^ 0; 

1 - r (1 - q^Y 

g.ri— 1— (5 

IIV'LII < C'g s, M any 6 >0 and n > 1, 
where the norm of a multi-linear form on B is defined using the norm 

max{||6Vll + ll[^,^V]||} 

0<t<l 

on B. In particular, the map g— Ind/5 on Kq^''^'^\c {S"^)) is given by the pairing with the twisted 
cyclic cocycle —q~^T, where t(5o,6i,62) = h{bo{q^de{b\)df{b2) — df{bi)de{b2))). 

Proof. The pairing of (^In)" with JC-theory does not depend on e. Using the Karamata theorem it 
can be shown that the limit lim£_>o+e TT{e~^^^ p)tdt does not exist. It follows that the cocycle 
q^Ti + T2 pairs trivially with i^-theory. Thanks to Proposition 12. 2( 111) we know even more, q'^Ti + T2 
is a coboundary. We also conclude that the pairing is given by the cocycle jz^{ti + T2) G C^{B), 
which is cohomologous to the cocycle ^r. Recalling definition 1)1.31) of the map ^{B) —>■ C^{B), 
we see that the pairing is defined by the twisted cyclic cocycle —q~^T. 

■ 

We end the paper with an actual computation of indices. Observe first that the spaces 
can be considered as equivariant Hilbert i?-modules, and thus they define elements of Kq{B) 
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which we denote by [An]. As in the classical case, the group Kq{B) is a free abelian group with 
generators [^n]? see |JNTj . Consider now the module Ai and note that = aB + 'jB. The map 
T: Hi (gi B ^ Ai given by 

2 

T(^_i 0b) = qjb and r(^i 0b) = -ah, 

2 2 

where Hi is the space of the spin ^ corepresentation of {A, A), see Section |21 is an equivariant 
partial isometry. Thus Ai is isomorphic to the equivariant Hilbert i?-module p(Hi B) with 

2 

projection 

y —ja a a 

The explicit form of a projection corresponding to An for arbitrary n can be found in [HM] . Let 
TVs be the trace on ^ defined by the spin s representation of A, and let (pg be the corresponding 
g-trace, (pg = Tr<j(-p). By definition we have, for any twisted cyclic cocycle if G C'^{B), that 

([¥'],b])= Yl ^\'y^iok^iih'f^i2j2)'P{Piojo^Piih^Pi2j2) = ^ Q'"^*V(Pion > Pni2 > Pi2io )■ 

^0'»1'»2 «0,il,«2 
JO >il J'2 

Using the formula ^((7*7)") = (1 — g^)(l — for the Haar state, a lengthy but straight- 

forward computation yields 

q-lndD{[A^\) = q-lndF{[Ai]) = {[-q-\\, [p]) = -1. 

This is enough to conclude that the equivariant index (7— IndF([^i]) equals — Ttq. To see this we 
shall use a continuity argument for q £ (0, 1). Write a{q), 7(g), and so on, to distinguish operators 
for different q. The spaces L?{C{SUq{2)), h) can be identified for all q. We also identify the spaces 
Hj^ © H^ of L^-spinors. Note that F = D{q)\D[q)\^'^ is independent of q (in the notation of the 
proof of Proposition \[\.2\ we have 1 = i). The functions q 1— > a{q) and q ^{q) are norm- 

*'~2 *'2 

continuous as can easily be verified by looking at the Clebsch-Gordan coefficients. It follows that our 

quantum Bott projections piq) G B(Hi (B H^® H_) depend continuously on q. Let Is{q) G -^{q) be 

2 

the support of the spin s representation. Considered as operators on Hi ® H^® H- the projections 

2 

Isiq) depend continuously on q (and are, in fact, finite-rank operators). As the functions 

ms{q) = {2s + l)-Hnd{p{q)^Isiq){l F)p{q)+h{q)) 

are continuous and integer- valued, they are constant. We have by definition 

Indpilpiq)]) = y^m^Trg. 

s 

Since 

-l = lndF{\p{qmp)=Yms[2s + l]g, 

s 

and the functions q 1— > [n]q, n € N, are linearly independent on any infinite set, we conclude that 
mo = —1 and nig = for s > 0. Thus Indi;'([p]) = — Trg = —£■ This, in turn, is sufficient in order 
to find the non-equivariant Chern character. 

Proposition 4.2 The image of the non-equivariant Chern character of our Fredholm module in 
HP^{B) coincides with the class of the cyclic 0-cocycle t' given by 

T'(a"-'"7™7*") = I ~ ^^"''"^ ■^'^^ n = m > 0, 
1 otherwise. 



where we used the convention = (a*) ^ for k < 0. In particular, Ind_p([^n])(l) 



-n. 
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Proof. The cocycle r' was found in IMJNW2j . and is one of the two generators of HP^{B) = £?. 
Since the class of a cocycle in HP^{B) is completely determined by its pairing with [1] and [p], 
we conclude that the Chern character is cohomologous to r'. The equality ([r'], [An]) = —n was 
established in |H]. 

■ 

The fact that the non-equivariant Chern character is cohomologous to a 0-cocycle is natural as 
our spectral triple is e-summable for any e > 0. On the other hand, the spectral triple is (2 + e, p)- 
summable in the sense of |NTj . so twisted cyclic cohomology does not see the dimension drop and 
captures the volume form. 

We finally remark that Indi?([yln]) = — sign(n)Tr |„|-i for n 7^ 0. To prove this it suffices to check 



that ([— 5~^r], [An]) = —[Ti]q. Another possibility is to use the classical theory. To this end one just 
has to show that there are projections Pniq) representing [An] with the property that Is{q)Pn{Q) 
depend continuously on q £ (0, 1] (the projections Pniq) themselves can be discontinuous at g = 1). 



acts on the Hilbert space L'^{An+i, h) © Both operators are differential operators of 

order 1 with the same principal symbol, and the index of df. L'^{An+i,h) L^(A„_i,/i) is given 
by the Borel-Weil-Bott theorem and can also easily be found by direct computations. 



References 

[AK] Akbarpour R., Khalkhali M., Equivariant cyclic cohomology of Hop f module algebras, preprint 
,math.KT/0009236, 

[BGV] Berline N., Getzler E., Vergne M. Heat kernels and Dirac operators. Grundlehren der Math- 
ematischen Wissenschaften, 298. Springer- Verlag, Berlin, 1992. viii+369 pp. 

[CP] Chakraborty P.S., Pal A., Equivariant spectral triples on the quantum SU(2) group, preprint 
imath.KT/0201004, 

[CI] Connes A. Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994. 

[C2] Connes A., Cyclic cohomology, quantum group symmetries and the local index gormula for 
SUq{2), preprint math.QA/0209142, 

[CMl] Connes A., Moscovici H., Transgression and the Chern character of finite- dimensional K- 
cycles, Comm. Math. Phys. 155 (1993), 103-122. 

[CM2] Connes A., Moscovici H., The local index formula in noncommutative geometry, Geom. 
Funct. Anal. 5 (1995), 174-243. 

[DS] Dabrowski L., Sitarz A., Dirac operator on the standard Podles quantum sphere, preprint 
|math.QA /0209048, 

[F] Friedrich T. Dirac operators in Riemannian geometry. Graduate Studies in Mathematics, 25. 
AMS, Providence, RI, 2000. xvi+195 pp. 

[G] Goswami D., Twisted entire cyclic cohomology, J-L-0 cocycles and equivariant spectral triples, 
preprint 1math-ph /0204010[ 



In the classical case the operator p„(l © D)pn is homotopic to the operator D. 




16 



[GBVF] Gracia-Bondia J.M., Varilly J.C., Figueroa H. Elements of noncommutative geometry. 
Birkhauser Boston, Inc., Boston, MA, 2001. xviii+685 pp. 

[H] Hajac P., Bundles over quantum sphere and noncommutative index theorem, ii'-Theory 21 
(2000), 14H50. 

[HM] Hajac P., Majid S., Projective module description of the q-monopole, Comm. Math. Phys. 
206 (1999), 247-264. 

[KL] Klimek S., Lesniewski A., Chern character in equivariant entire cyclic cohomology, i^-Theory 
4 (1991), 219-226. 

[KS] Klimyk A., Schmiidgen K. Quantum groups and their representations. Texts and Monographs 
in Physics. Springer- Verlag, Berhn, 1997. xx+552 pp. 



[Kr] Krahmer U., Dirac operators on quantum flag manifolds, preprint math.QA/0305071 



[KMT] Kustermans J., Murphy G. J., Tuset L., Differential calculi over quantum groups and twisted 
cyclic cocycles, J. Geom. Phys. 44 (2003), 570-594. 

[M] Majid S., Noncommutative Riemannian and Spin Geometry of the Standard q-Sphere, preprint 
imath.QA/03 07351, 

[MNWl] Masuda T., Nakagami Y., Watanabe J., Noncommutative differential geometry on the 
quantum SU(2). /. An algebraic viewpoint, i^-Theory 4 (1990), 157-180. 

[MNW2] Masuda T., Nakagami Y., Watanabe J., Noncommutative differential geometry on the 
quantum two sphere of Podles. I. An algebraic viewpoint, if-Theory 5 (1991), 151-175. 

[NT] Neshveyev S., Tuset L., H op f algebra equivariant cyclic cohomology, K-theory and index for- 



mulas, preprint math.KT/0304001 



[O] Owczarek R., Dirac operator on the Podles sphere, Internat. J. Theoret. Phys. 40 (2001), 
163-170. 

[PS] Pinzul A., Stern A., Dirac operator on the quantum sphere, Phys. Lett. B 512 (2001), 217-224. 
[PI] Podles P., Quantum spheres, Lett. Math. Phys. 14 (1987), 193-202. 

[P2] Podles P., The classification of differential structures on quantum 2-spheres, Comm. Math. 
Phys. 150 (1992), 167-179. 

[S] Schmiidgen K., Commutator representations of differential calculi on the quantum group 
SUq{2), J. Geom. Phys. 31 (1999), 241-264. 

[SW] Schmiidgen K., Wagner E., Dirac operator and a twisted cyclic cocycle on the standard Podles 
quantum sphere, preprint [math. QA/0305051| 

[V] Vaksman L.L., q-analogues of Clebsch-Gordan coefficients, and the algebra of functions on the 
quantum group SU(2), (Russian) Dokl. Akad. Nauk SSSR 306 (1989), 269-271; translation in 
Soviet Math. Dokl. 39 (1989), 467-470. 

[W] Woronowicz S.L., Twisted SU{2) group. An example of a noncommutative differential calculus, 
Publ. Res. Inst. Math. Sci. 23 (1987), 117-181. 



17 



Sergey Neshveyev, Mathematics Institute, University of Oslo, PB 1053 Blindern, Oslo 0316, 
Norway 

e-mail: neshveyev@hotmail.com 

Lars Tuset, Mathematics Institute, University of Oslo, PB 1053 Blindern, Oslo 0316, Norway 
e-mail: Lars.Tuset@iu.hio.no 



18 



